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Abstrat
We prove that the ategory of Laumon 1-motives up isogenies over
a eld of harateristi zero is of ohomologial dimension ≤ 1. As
a onsequene this implies the same result for the ategory of formal
Hodge strutures of level ≤ 1 (over Q).
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Introdution
In [6℄ Deligne dened 1-motive over a eld k as Gal(ksep|k)-equivariant mor-
phism [u : X → G(ksep)] where X is a free Gal(ksep|k)-module and G is
1
a semi-abelian algebrai group over k. They form a ategory that we shall
denote by M1,k or M1.
Deligne's denition was motivated by Hodge theory. In fat the ategory
of 1-motives over the omplex numbers is equivalent, via the so alled Hodge
realization funtor, to the ategory MHS1 of mixed Hodge strutures of level
≤ 1. It is known the the ategory MHS1 is of ohomologial dimension 1
(see [5℄) and the same holds for M1,C.
F. Orgogozo proved more generally that for any eld k, the ategoryM1,k⊗Q
is of ohomologial dimension ≤ 1 (see [14, Prop. 3.2.4℄).
Over a eld of harateristi 0 it is possible to dene the ategory Ma1,k
of Laumon 1-motives generalizing that of Deligne 1-motives (See [11℄). In
[3℄ L. Barbieri-Viale generalized the Hodge realization funtor to Laumon
1-motives. He dened the ategory FHS1 of formal Hodge strutures of level
≤ 1 ontaining MHS1 and proved that FHS1 is equivalent to the ategory of
Laumon 1-motives over C (ompatibly with the Hodge realization).
In this paper we prove that the ategory of Laumon 1-motives up to
isogenies is of ohomologial dimension 1.
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1 Laumon 1-motives
In this paper k is a eld of harateristi 0 and k¯ is its algebrai losure.
As explained in the 1.1 we an assume that the ategories of formal and
algebrai groups are full sub-ategory of Abk, i.e. the ategory of abelian
sheaves on the ategory of ane k-shemes w.r.t. the fppf topology.
Denition 1.1. A Laumon 1-motive over k (or an eetive free 1-motive
over k, f. [2, 1.4.1℄) is the data of
i) A (ommutative) formal group F over k, suh that LieF is a nitely
generated and F (k¯) = lim[k′:k]<∞F (k
′) is nitely generated and torsion-free
Gal(k¯/k)-module.
ii) A onneted ommutative algebrai group sheme G over k.
iii) A morphism u : F → G in the ategory Abk.
Note that we an onsider a Laumon 1-motive (over k)M = [u : F → G]
as a omplex of sheaves in Abk onentrated in degree 0, 1.
It is known that any formal k-group F splits anonially as produt F o×F et
where F
o
is the identity omponent of F and is a onneted formal k-group,
and F et = F /F
o
is étale. Moreover, F et admits a maximal sub-group
2
sheme F tor , étale and nite, suh that the quotient F et/F tor = F fr is
onstant of the type Zr over k¯. One says that F is torsion-free if F tor = 0.
By a theorem of Chevalley any onneted algebrai group sheme G is
extension of an abelian variety A by a linear k-group sheme L that is
produt of its maximal sub-torus T with a vetor k-group sheme V . (See
[7℄ for more details on algebrai and formal groups)
Denition 1.2. A morphism of Laumon 1-motives is a ommutative square
in the ategory Abk. We denote by M
a
1 = M
a
1,k the ategory of Laumon
k-1-motives, i.e. the full sub-ategory of Cb(Abk) whose objets are Laumon
1-motives.
Remark 1.3. The ategory of Deligne 1-motives (over k) is the full sub-
ategory M1 of M
a
1 whose objets are M = [u : F → G] suh that F
o = 0
and G is semi-abelian (f. [6, 10.1.2℄).
Proposition 1.4. The ategory Ma1 of Laumon 1-motives (over k) is an
additive ategory with kernels and o-kernels.
Proof. See [11, Prop. 5.1.3℄.
Remark 1.5. i) Let
F
u

f //
F
′
u′

G g
//
G
′
be a morphism from M = [u : F → G] to M ′ = [u′ : F ′ → G′]. Then from
previous proof we get
Ker(f, g) = [u∗Ker(g)o → Ker(g)o] (1)
where u : Ker(f)→ Ker(g), and
Coker(f, g) = [Coker(f)fr → Coker(g)] (2)
ii) The ategory of Laumon 1-motives is not abelian. In fat onsider a
surjetive morphism of onneted algebrai groups g : G→ G′. Then Ker(g)
is not neessarily onneted. Hene in the ategory of onneted algebrai
groups the anonial map
Coim(g) = G/Ker(g)o → Im(g) = G′
is not an isomorphism in general.
Note that the ategory of onneted algebrai groups is fully embedded
in Ma1.
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Aording to [14℄ we dene the ategory Ma1 ⊗ Q of Laumon 1-motives
up to isogenies: the objets are the same of Ma1; the Hom groups are
HomMa
1
(M,M ′)⊗Z Q.
Remark 1.6. Note that a morphism (f, g) : M → M ′ is an isogeny (i.e. an
isomorphism in Ma1 ⊗ Q ) if and only if f is injetive with nite o-kernel
and g is surjetive with nite kernel.
Proposition 1.7. The ategory of Laumon 1-motives up to isogenies is
abelian.
Proof. By onstrutionMa1⊗Q is an additive ategory. Let (f, g) : M →M
′
be a morphism of Laumon 1-motives. We know that the group pi0(Ker(g)) =
Ker(g)/Ker(g)o is a nite group sheme, hene there exists an integer n suh
that the following diagram ommutes in Abk
Ker(f)
n·u

0
&&MM
MM
MM
MM
MM
Ker(g)o // Ker(g) // pi0(Ker(g))
Hene n·u fators throughKer(g)o. Then it is easy to hek thatKer((f, g)) =
[(u∗Ker(g)o)→ Ker(g)o] is isogenous to [Ker(f)→ Ker(g)0].
It follows that Coim(f, g) is isogenous to [(F /Ker(f))fr → G/Ker(g)].
As G/Ker(g)o → G/Ker(g) is an isogeny we get that the anonial map
Coim(f, g)→ Im(f, g) an isogeny too.
This is enough to prove that the ategory Ma1 ⊗Q is abelian.
Remark 1.8. We an dene the ategory
tMa1 of 1-motives with torsion (over
k) as the full sub-ategory of Db(Abk) with objets omplexes [u : F → G]
onentrated in degree 0, 1 suh that
i) A (ommutative) formal group F over k, suh that LieF is a nitely
generated and F (k¯) = lim[k′:k]<∞F (k
′) is nitely generated (non neessarily
torsion-free!) Gal(k¯|k)-module.
ii) A onneted ommutative algebrai group sheme G over k.
iii) A morphism u : F → G in the ategory Abk.
Also we denote by
tM1 ⊂
tMa1 the full sub-ategory whose objet are of
the form [u : F → G] with F o = 0 and G semi-abelian.
In [4, C.7.3℄ is proven that the anonial funtor M1 →
tM1 indues an
equivalene of the same ategories up to isogeny, i.e. M1 ⊗ Q ∼=
tM1 ⊗ Q.
The same result holds for Laumon 1-motives, in fat all the arguments given
in [4℄ work also in this setting. Hene there is an equivalene of ategories
Ma1 ⊗Q
∼
−→ tMa1 ⊗Q .
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A Deligne 1-motive is endowed with an inreasing ltration (of sub-1-
motives) alled the weight ltration ([6, 10.1.4℄) dened as follows
Wi =WiM :=


[u : X → G] i ≥ 0
[0→ G] i = −1
[0→ T ] i = −2
[0→ 0] i ≤ −3
hene we get
grWi M =


[X → 0] i = 0
[0→ A] i = −1
[0→ T ] i = −2
[0→ 0] otherwise
Aording to [4, C.11.1℄ we extend the weight ltration to Laumon 1-
motives. Let M = [u : F → G] be an Laumon 1-motive, then
W−3 = 0 ⊂W−2 = [0→ L] ⊂W−1 = [0→ G] ⊂W0 =M .
1.1 fppf sheaves
Let Schk be the ategory of shemes over k and Affk be the full sub-ategory
of ane shemes. Aording to [1, Exp. IV 6.3℄ the fppf topology on Schk
is the one generated by: the families of jointly surjetive open immersions in
Schk; the nite families of jointly surjetive, at, of nite presentation and
quasi-nite morphisms in Affk.
Reall that Abk is the ategory of abelian sheaves on Affk w.r.t. the fppf
topology.
Proposition 1.9. i) The ategory of ommutative group shemes over k is a
full sub-ategory of Abk via the funtor of points G 7→ hG := Homschk (−,G).
ii) Let char(k) = 0. The ategory of formal group shemes is a full sub-
ategory of Abk via the funtor of points F = Spf(A) 7→ hF := Hom
cont
algk
(A,−)
(where Homcontalgk (−,−) denote the set of ontinuous homomorphisms of k-
algebras).
Proof. By a result of Grothendiek ([8, Part I, 2.3.6℄) every sheme (over
k) is a sheaf (on sets) w.r.t. the fppf topology on Schk. Hene it is also a
fppf-sheaf on the sub-ategory Affk ⊂ Schk. From this fat (i) and (ii) follow
for étale formal groups.
By the deomposition theorem for formal groups over a perfet eld [7℄
it remains to prove that any onneted (or loal) formal group is a sheaf. It
is suient to note that
Ĝa ∼= colim
n
Spec(k[t]/(tn+1))
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is a diret limit of ane shemes, hene a diret limit of sheaves of sets w.r.t.
the fppf topology.
2 Extensions
2.1 The group of n-extensions
Let A be any abelian ategory (we don't suppose it has enough injetive
objets), then we an dene its derived ategory D(A) and the group of
n-fold extension lasses
ExtnA(A,B) := HomD(A)(A,B[n]) A,B ∈ A .
As usual we identify this group with the group of lasses of Yoneda exten-
sions, i.e. the set of exat sequenes
0→ B → E1 → · · · → En → A→ 0
modulo ongruenes (See [10℄ or [9℄).
2.1.1 A lemma on 2-fold extensions
Consider a 2-fold extension γ ∈ Ext2A(M,M
′). It is represented by an exat
sequene
0→M ′ → E1 → E2 →M → 0 . (3)
This an be written as the produt of two 1-fold extensions as follows. Let
E := Ker(E2 → M) = Coker(M
′ → E1), then let γ1 ∈ Ext
1
A(E,M
′),
γ2 ∈ Ext
1
A(M,E) be the lasses represented by
0→M ′ → E1 → E → 0 , 0→ E → E2 →M → 0 (4)
respetively. Then γ = γ1 · γ2.
As a partiular ase, onsider W−2 ⊂ W−1 ⊂ W0 a sequene of objets
of A. We have the following exat sequenes
γ : 0→W−2 →W−1 →W0/W−2 →W0/W−1 → 0
γ1 : 0→W−2 →W−1 → W−1/W−2 → 0
γ2 : 0→ W−1/W−2 →W0/W−2 →W0/W−1 → 0
and γ = γ1 · γ2 ∈ Ext
2
A(W0/W−1,W−2). In this partiular ase we get
Lemma 2.1. γ = 0 in Ext2A(W0/W−1,W−2).
Proof. See [14, Lemma 3.2.5℄, or [9, p. 184℄.
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2.2 Ext of 1-motives up to isogenies
From now on we all 1-motive a Laumon 1-motive (over k) and ExtiQ(M,M
′)
is the group of lasses of i-fold extensions in Ma1 ⊗Q.
We are going to prove that Ma1 ⊗ Q is of ohomologial dimension ≤ 1.
We start with the following result.
Lemma 2.2. Let grWi M
a
1 be the full sub-ategory of M
a
1 with objets 1-
motives pure of weight i, i = 0,−1,−2. Then grWi M
a
1 ⊗ Q is an abelian
thik sub-ategory of Ma1 ⊗Q and it is of ohomologial dimension 0.
Proof. First we onsider the ase M = F [1],M ′ = F ′[1] pure of weight 0
(i.e. formal groups). Let 0 → F ′[1] → E → F [1] → 0 an exat sequene
of 1-motives modulo isogenies. Then E is also of weight 0 (this follows
diretly from the denitions). Hene Ext1Q(F [1],F
′[1]) is isomorphi to the
group of lasses of extensions in the ategory of formal groups over k modulo
isogenies. We know that of k-vetor spaes Modk is semi-simple, and so is
the Q-linearized ategory of free Gal(k¯/k)-modules, Modfree
Gal(k¯/k)
⊗ Q, by
the lemma of Mashke (See [15, p. 47℄, for the representations of nite
groups; the ase of pro-nite is a diret onsequene). Hene the ategory
of formal groups up to isogeny, equivalent to Modk ×Mod
free
Gal(k¯/k) ⊗Q, is of
ohomologial dimension 0.
The seond ase is that of abelian varieties (weight −1). Again using the
denitions we get that Ext1Q(A
′,A) orrespond to the group of extensions in
the ategory of abelian varieties modulo isogenies. This group is zero (See
[13, p. 173℄).
The third ase is that of linear groups (weight −2). This an be redued
to the rst ase by Cartier duality (See [11, 5℄) or proved expliitly.
Lemma 2.3. Let M,M ′ be pure Laumon 1-motives with weights w < w′.
Then Ext2Q(M,M
′) = 0.
Proof. Fix a 2-fold extension γ ∈ Ext2Q(M,M
′) represented by
0→M ′ → E1 → E2 →M → 0
and take γ2 ∈ Ext
1
Q(M,E), γ1 ∈ Ext
1
Q(E,M
′) (as in (3), (4)) suh that
γ = γ1 · γ2.
We have an exat sequene
Ext1Q(M,W−1E)→ Ext
1
Q(M,E)→ Ext
1
Q(M, gr0E)
By assumption −2 ≤ w < w′ ≤ 0, then M is pure of weight −1 or
−2. In this ase we get easily Ext1Q(M, gr0E) = 0 and we an lift γ2 to
γ′2 ∈ Ext
1
Q(M,W−1E). Then let γ
′
1 be the image of γ1 via Ext
1
Q(E,M
′) →
Ext1Q(W−1E,M
′). Now using
Ext1Q(gr−1E,M
′)→ Ext1Q(W−1E,M
′)→ Ext1Q(W−2E,M
′)
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we an redue to onsider E pure of weight −1, in fat Ext1Q(W−2E,M
′) = 0
beause w′ > −2. From this follows that γ1 = γ2 = 0.
Lemma 2.4. Let M,M ′ be pure Laumon 1-motives with weights w > w′.
Then Ext2Q(M,M
′) = 0.
Proof. As in the previous proof x a 2-fold extension γ ∈ Ext2Q(M,M
′)
represented by
0→M ′ → E1 → E2 →M → 0
and take γ2 ∈ Ext
1
Q(M,E), γ1 ∈ Ext
1
Q(E,M
′) (as in 3, 4) suh that γ =
γ1 · γ2.
We have to onsider three ases: (a) M = F [1], M ′ = A[0]; (b) M =
F [1], M ′ = L[0]; (c) M = A[0], M ′ = L[0]. Where F is a formal group, A
an abelian variety, L a linear group.
Case (a): now γ1 ∈ Ext
1
Q(E,A) γ2 ∈ Ext
1
Q(F [1], E). Then E = [F
′ →
A
′] is suh that W−2E = 0. Consider the exat sequene
0→ gr−1E → E → gr0E → 0
applying HomQ(F [1],−) to it we get
Ext1Q(F [1], gr−1E)→ Ext
1
Q(F [1], E) → Ext
1
Q(F [1], gr0E)
We proved that Ext1Q(F [1], gr0E) = 0 so we an lift γ2 to a lass γ
′
2 ∈
Ext1Q(F [1], gr−1E) (This lifting is not anonial). Similarly usingHomQ(−,A)
to it we get an exat sequene
Ext1Q(gr0E,A)→ Ext
1
Q(E,A)→ Ext
1
Q(gr−1E,A)
and we an map γ1 7→ γ
′
1 ∈ Ext
1
Q(gr−1E,A). By standard arguments it
holds γ′1 · γ
′
2 = γ1 · γ2 = γ. Realling that Ext
1
Q(gr−1E,A) = 0 we get the
result.
Case (c): Is similar to ase (a).
Case (b): now γ ∈ Ext2Q(F [1],L). We want to redue to the hypothesis
of lemma 2.1. Thus we have to show: we an take E pure of weight 1 (i.e.
an abelian variety); there exists a 1-motive N suh that γ1 ∈ Ext
1
Q(E,L) is
represented by 0 → W−2N → W−1N → gr−1N → 0; γ2 ∈ Ext
1
Q(F [1], E) is
represented by 0→ gr−1N →W0N/W−2 → gr0N → 0.
We know that Ext1Q(F [1], gr0E) = 0, so like in ase (a) we an lift γ2 to
a lass γ′2 ∈ Ext
1
Q(F [1],W−1E). Let γ
′
1 the image of γ1 via Ext
1
Q(E,L) →
Ext1Q(W−1E,L). Hene γ
′
1 · γ
′
2 = γ1 · γ2.
Now we an suppose E of weight ≤ −1. Using the same argument we an
lift γ′1 to γ
′′
1 ∈ Ext
1
Q(gr−1E,L) (beause Ext
1
Q(gr−2E,L) = 0) and send
γ′2 7→ γ
′′
2 ∈ Ext
1
Q(F [1], gr−1E). We proved that there exists an abelian
variety A, γ1 ∈ Ext
1
Q(A,A), γ2 ∈ Ext
1
Q(F [1],A), suh that γ1 · γ2 = γ. We
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laim that γ1, γ2 an be represented by extensions in the ategory Laumon-
1-motives. In fat let
γ1 : 0→ L
f⊗n−1
−→ G
g⊗m−1
−→ A→ 0
be an extension in the ategory of 1-motives modulo isogenies: f, g are mor-
phism of algebrai groups, n,m ∈ Z. Then onsider the push-forward by
n−1 and the pull-bak by m−1, we get the following ommutative diagram
with exat rows in Ma,fr1 ⊗Q
0 // L
n−1

f/n // G
id

g/m // A
id

// 0
0 // L
f // G
g/m // A // 0
0 // L
id
OO
f // G
id
OO
g // A
m−1
OO
// 0
The exatness of the last row is equivalent to the following: Ker f is nite;
let (Ker g)0 be the onneted omponent of Ker g, then Imf → (Ker g)0 is
surjetive with nite kernel K; g is surjetive. So after replaing L,A with
isogenous groups we have an exat sequene in Ma,fr1
0→ L→ G→ A→ 0
Expliitly
0 // L

f // G
id

g // A
id

// 0
0 // L/Ker f

// G

g // A

// 0
0 // Imf/K // G
g // A // 0
0 // Imf/K
id
OO
//
G
′
OO
// G/(Ker g)0
OO
// 0
With similar arguments we an prove that γ2 is represented by an exten-
sion in the ategory Ma,fr1
0→ A→ N → F [1]→ 0
with N = [u : F → A].
To apply lemma 2.1 we need to prove that there is lifting u′ : F → G.
First suppose F = F et: onsider the long exat sequene
HomAbk(F ,G)→ HomAbk(F ,A)
∂
→ Ext1Abk(F ,L)
9
We know ([12℄) that Ext1Abk(F ,L) is a torsion group. So modulo replaing
F with an isogenous lattie we get ∂u = 0 and the lift exists.
In ase F = F o is a onneted formal group we have a ommutative diagram
in Abk
F
 



u

Ĝ
?
??
??
??
?
bpi //
Â
?
??
??
??
?
G
pi // A
where ?̂ is the formal ompletion at the origin of ? = G,A. The formal
ompletion is an exat funtor so pi is an epimorphism. The ategory of
formal groups is of ohomologial dimension 0, then we an hoose a setion
of pi and lift u.
Theorem 2.5. The ategory Ma1 ⊗Q is of ohomologial dimension 1.
Proof. First note that we an restrit to onsider pure motives M,M ′ (a 1-
motive is pure if it is isomorphi to one of its graded piees w.r.t. the weight
ltration). In fat given M,M ′ 1-motives, not neessarily pure, we have the
anonial exat sequenes given by the weight ltration
0→W−1M
′ →M ′ → grW0 M
′ → 0
0→W−2M
′ →W−1M
′ → grW−1M
′ → 0
Hene applying HomQ(M,−) we get two long exat sequenes
· · ·Ext2Q(M,W−1M
′)→ Ext2Q(M,M
′)→ Ext2Q(M, gr
W
0 M
′) · · ·
· · ·Ext2Q(M,W−2M
′)→ Ext2Q(M,W−1M
′)→ Ext2Q(M, gr
W
−1M
′) · · ·
from this follows that we an redue to prove Ext2Q(M,M
′) = 0 for M ′ pure.
In the same way we redue to onsider M pure.
Then using the previous three lemmas we onlude.
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